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ABSTRACT 
A me~h~d for the gr~phical integration of the vorticity equation is presented, which includes the effects 
of terram-mduced vertical velocities. The prediction equation is applied to a series of 1000-mb charts. The 
tests show ~hat the inclusion of the terrain factor materially improved the prognosis in mountainous areas. 
When applied t? the 500-mb chart, there was no significant improvement, primarily because of an additional 
severe assumption relating the surface and 500-mb winds. 
1. Introduction 
Several models [2; 3; 4; 6] have been devised for 
numerical prognosis of the pressure field by graphical 
techniques. In general, the developments follow the 
method introduced by Fjprtoft for the integration of 
the barotropic vorticity equation. Despite the sim-
plicity of the barotropic model, tests by the U. S. 
Air Weather Service [1] indicate an ac'curacy for the 
500-mb chart comparable to that achieved by a 
trained forecaster using conventional methods. Re-
cently several more complex graphical models have 
been devised for the 1000-mb chart. Although none of 
these have been adequately tested as yet, preliminary 
results are encouraging. 
In general, however, these methods appear to have 
been least successful in mountainous areas. The lower 
accuracy attained there may have been due, at least 
in part, to the simplified lower boundary condition 
utilized in the previous models, namely, that the vertical 
velocity vanish at the surface. Obviously this condition 
is not satisfied where orographic obstructions cause 
vertical motions to develop in the large-scale hori-
zontal flow. 
The purpose of this paper is to incorporate the 
effects of terrain-induced vertical velocities into a 
graphical prediction model in an attempt to improve 
prognosis in mountainous areas. The development 
here is similar to the treatment of Reed [6] and 
Estoque [2]. 
2. Development of the prediction equation 
The following familiar form of the vorticity equation 
in (x, y, p, t) coordinates is assumed 
a.1 aw 
- + v. w (.I + f) = f-
at ap' (1) 
where .I is the relative vorticity,f the Coriolis parame-
ter, V the horizontal wind, and w = dp/dt. In (1) the 
vortex tube term, vertical advection of vorticity and 
the term - .\'~ · V have been omitted; and the 
divergence has been replaced by - aw/ap from the 
continuity equation. 
The distribution of w is considered to be represented 
by the function 
p 
w(x,y,p,t) = - gpok-Vo·VH 
Po 
+ Wm(X, y, t)[l - ( p - p5 ) 2], 
Po - Ps 
(2) 
where Po, po, Vo are the surface pressure, density and 
the wind velocity; H is the height of the terrain; p5 
is an upper-pressure level (to be taken as 500 mb); 
and k is a constant of proportionality. 
The first term on the right side of (2) represents the 
terrain-induced vertical motion. Here the surface 
vertical velocity Wo is assumed to be proportional to 
the horizontal wind and the gradient of terrain height 
at the surface; i.e., Wo = kVo· V H. Moreover, since 
wo = - gpoWo, it follows that 
wo = - gpokVo· 'V H. 
Finally, the terrain-generated vertical velocity is 
assumed to decrease linearly with pressure, and thus 
we arrive at the first term constituting w in (2). 
The second term of (2) represents the commonly 
used parabolic distribution frequently assumed to be 
typic:11 of large-scale pressure systems [SJ. Where 
terram effects are negligible, this term corresponds 
to low-level "isobaric" velocity divergence and high-
level convergence (or vice versa), together with a level 
of non-divergence at p5• 
Equation (2) may now be differentiated with respect 
to P and substituted into (1). The result, when 
evaluated at Po, is 
iJ,\o fkgpo 2fwm 
- + Vo·V(.\o + f) = - --V·WH--· (3) 
at Po p5 
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A second equation involving w,,. may be obtained 
from the first law of thermodynamics. The assumption 
that temperature changes are dry adiabatic leads to 
the so-called thermal equation. 
a ( az) az 
- - + v. v - + uw = 0 
at ap ap ' (4) 
where u is the stability factor. Now making the 
geostrophic approximation in the advective term and 
integrating (4) between Po and p 5, assuming u to be 
constant, we obtain 
Here his the thickness between p5 and Po. Combination 
of (3) and (5) yields 
aro gpofk 
- + Vo·V(so + f) = - -- Vo·VH 
at Po 
or 
- Jf [oh+ Vo·Vh + £gpop5ukVo·vH] 
up52 at 
( 
3f 11gpofk ) 
= - Vc·V so+-k+J+---H · 
(Tp52 2Po 
(6) 
The geostrophic approximation for vorticity may be 
expressed in finite difference form as 
S"o = (4m2g/fd2) (Zo - Zo), 
where m is the map-scale factor and d is the grid 
distance. Substituting this expression into (6), and 
following Fjsi>rtoft by neglecting the horizontal varia-
tions of m2/f compared to Zo - Zo in so, we obtain 
a - J 
- [Zo - Zo + Ch+ G('P) + F 
at 
= - Vo·V[Zo - Zo +Ch+ G('P) + F] (7) 
i <P Q2d2 sin 'P cos 'P G('P) = . d'P o m2g (8) 
11pokfd2 3j2d2 
F= Hand C=---
8m2Po 4um2gp 62 
(9) 
The functions G('P) and Fare invariant:with time and 
depend on geographical position only. Equation (7) 
shows that the quantity (Zo - Zo + Ch + G + F) is 
conservative with respect to the wind field at Po. 
With the geostrophic approximation for)Vo, (7) is ex-
pressible in Jacobian form as 
!__ (Zo - Zo + Ch + G + F) 
at 
- ~ J(Zo, Zo - Zo + Ch!+ G~+:F). (10) 
f 
In order to arrive at a more conservative field for 
advecting the conservative property, the Jacobian 
identity J(x, y) = J(x + y, y) maybe applied to (10), 
giving 
a -
- (Zo - Zo + Ch + G + F) 
at 
g -
= - f J(Zo + Ch+ G + F, 
Zo - Zo + Ch + G + F). (11) 
The use of this form implies that the (Zo + Ch+ G 
+ F) field is expected to be more conservative than 
the Zo field for advection purposes. This is not neces-
sarily always the case since the thickness field appears 
in the advecting quantity; nevertheless, in the ex-
amples tested, (11) gave good results. 
In order to recover height changes for the Po 
surface, the local change in the advected quantity 
over the prognostic period may be written 
Ll(Zo - Zo + Ch+ G + F) 
= Ll(Zo - Zo + Ch) = - A. (12) 
Moreover, since h = Z5 - Zo, (12) may also be 
expressed as · 
1 -LlZo = -- (A + LlZo + CLlZ5). 
c+1 . 
Taking a space average of (13) gives 
LlZo = -
1
- (A + LlZo + CLlZ5). 
c+1 
(13) 
Substituting1 this expression for LlZo back into (13) 
yields 
LlZo = -- A+-- (A+ LlZo 1 [ 1 - -
c+1 c+1 
However this equation is still not suitable for use in 
recovering the height change, and some further 
simplifications are desirable. Some preliminary tests 
indicated that A = A/2, an approximation that Reed 
[6] also found satisfactory. By applying this principle 
to space-averaged quantities, (14) may be expressed 
in the form 
LlZo = MA + N LlZ0, (15) 
where the constants M and N depend upon C. In 
turn, C depends upon latitude, grid distance, stability 
parameter and the scale factor. The chosen grid 
distance of 600 km is quite characteristic of such 
1 A more rapidly converging Fj¢rtoft series may be used at 
this point; however, the resulting equation is of the same final 
form as (15). 
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graphical methods. Typical values of the various 
parameters lead to values of C roughly in the range 
0.5 to 1. In general, as C increases, M decreases and 
N increases. 
For a value of C equal to 0.7, Mand N are 0.85 
. and 0.5, respectively. To simplify the procedure, the 
1 following equation was used in recovering height 
changes in the sample tests 
(16) 
Testing indicated that a smaller coefficient for A 
would have improved the results somewhat. As a 
matter of fact, since a number of approximations are 
made in such numerical forecasting techniques as 
this, the best procedure at this stage would be sta-
tistically to determine optimum values of C, M and 
N independently. 
3. Procedure 
In order to provide a comparison: to Reed's results 
[6], a prognostic period of 12 hr was chosen. Four 
successive 12-hr intervals were prognosticated be-
ginning with the 0030Z chart of 14 November 1955. 
Since the primary purpose of this investigation was to 
attempt improvement in graphical prognosis by the 
inclusion of a terrain factor, two separate prognoses 
were made; one based on (11), and a second omitting 
the terrain factor. The latter was based on the follow-
ing equation 
a -
- (Zo - Zo + Ch + G) 
at 
g -
= - f J (Zo +Ch+ G, Zo - Zo +Ch+ G). (17) 
With minor differences (17) is the prediction equation 
by Reed. 
To complete a prognosis based on (11), the following 
steps were carried out: 
a. A space-mea~ chart for Zo was graphically constructed using 
a grid distance of 600 km. 
b. The current thickness chart was multiplied by 3/4 (rather 
than 0.7) and added to the Zo chart. 
c. With k = 1, the coefficient of Hin Fin (9) was found to 
be 7.35 X 10-2• A terrain contour chart was then multiplied by 
the factor to produce the isolines of F. Since only the effect of 
the terrain on the large-scale pressure systems was sought, many 
small features of the topography were smoothed or omitted. The 
final form of (F + G) is given in fig. 1. This chart was added to 
(Zo + 0.75 h) to give the chart of the advective field. 
d. Subtracting Zo from the chart of step c gives the quantity 
to be advected (Zo - Zo + Ch + G + F). · 
e. Next, chart d is advected for 12 hr with chart c. In the 
preliminary testing it was observed that where the topography 
was very steep, such as along certain coastal ranges of western 
North America, the gradient of the contours of the advective 
field was very large. While the angles between the contours of 
the advective and advected fields were small, there appeared to 
be a tendency to "over-advect" in these regions. It was reasoned 
that where the terrain gradient was very large, the horizontal 
wind would not be fully translated into upslope motion, resulting 
in lesser vertical velocities. Thus the scalar multiplier k may be 
appreciably less than unity in regions of very large terrain gra-
dient. The amount of reduction of k was determined by the cases 
tested. This factor could be taken into account by appropriately 
reducing the gradient of F, the results of which are included in 
fig. 1. 
f. The next step consists of subtracting the chart of 
(Zo - Zo + 0.75 h + G + F) at time (t + 11t) from that at t to 
give A. 
g. Half the 12-hr 500-mb height change was added graph-
ically to A to give the 11Z0 chart. In practice any suitable method 
of prognosticating the 500-mb chart may be employed. However, 
in order to compare (17) and (11) more objectively, the actual 
500-mb height change was used in this test. The steps for prog-
nosis by (17) were identical to those above except that the factor 
F was omitted. 
4. Results 
The results of the tests are displayed in table 1 
which compares the height changes prognosticated by 
the two methods to the observed height change. The 
statistical parameters were computed using a 48-point 
grid which enclosed the area bounded by points 28N, 
124W; 55N, 136W; 53N, 65W; and 27N, 79W. Figs. 
2, 3, and 4 illustrate prognoses for the period 1230 
GCT, 15 November to 0030 GCT, 16 November 
1955. Fig. 2 shows the observed height changes; fig. 3, 
the height change as predicted by (11); and fig. 4, 
the height change as predicted by (17). The grid en-
compasses a slightly larger area than the illustrations. 
The correlation coefficients and root-mean-square 
errors indicate that the inclusion of the terrain factor 
materially improved the prognosis in the cases tested. 
Moreover, in nonmountainous areas the tests es-
sentially provide additional verification of Reed's 
model, which appears to be quite satisfactory. Actually 
Reed used a coefficient of 0.5 instead of 0.75 for h, 
FIG. 1. A chart of the function (G + F) in units of 100 ft. 
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TABLE 1. Correlation between observed and predicted 1000-mb 





























116 ft 103 ft 
172 ft 169 ft 
102 ft 88 ft 
74 ft 53 ft 











A. Prognostication including terrain factor; computations for 
area west of 96W, i.e., Rocky Mountain area. 
B. Prognostication excluding terrain factor; computations for 
area west of 96W. 
C. Prognostication including terrain factor; computations for 
entire area covered by grid. 
D. Prognostication including terrain factor; computations for 
area east of 96W. 
1. 12-hr prognostic period commencing 0030Z 14 November 1955. 
2. 12-hr prognostic period commencing 1230Z 14 November 1955. 
3. 12-hr prognostic period commencing 0030Z 15 November 1955. 
4. 12-hr prognostic period commencing 1230Z 15 November 1955. 
corresponding to a linear distribution of win the" second 
term of (2). 
It should be mentioned that prognosis by this 
method is rather lengthy. Whereas the inclusion of a 
terrain factor into the prediction equation adds no 
additional steps to Reed's routine, the advection 
process is somewhat more delicate and considerable 
care must be taken. Some further smoothing of the F 
chart may be possible and still give adequate repre-
sentation of the influence on the large-scale flow. This 
would facilitate the graphical addition and subtrac-
tion, as well as the advection procedure. 
FIG. 3. Prognostic height-change chart, including terrain factor, 
for the period 1230 GCT, 15 November to 0030 GCT, 16Novem-
ber 1955. 
FIG. 4. Prognostic height-change chart, without terrain factor, 
for the period 1230 GCT, 15 November to 0030 GCT, 16 Novem-
ber 1955. 
Finally, it should be remembered that the 1000-mb 
chart may not always be representative of the surface 
flow in the mountainous regions. However, the pro-
cedure may be applied to some other level (e.g. 
850 mb) equally well, although the constants may 
have to be varied slightly. 
5. A second model 
An attempt was also made to incorporate the effects 
of terrain-induced vertical motion into the model of 
Estoque [2]. The same basic equations (1) and (2) 
and the same general procedure was followed. The 
resulting equation for the 500-mb prognosis is 
( :t + V5·V) (25 - Zs+ G) + 0.2 Vo·VF = 0. (18) 
FIG. 2. Observed height change (units of 100 ft) for the period 
1230 GCT, 15 November to 0030 GCT, 16 November 1955. A second equation for the thickness may be expressed 








FIG. 5. A six-hour prognostic chart made from a purely 
zonal flow of 50 kn. 
in the form 
( :t + V5 · v) (h - rh + G) + 0.8 Vo· VF = 0, (19) 
where r is a constant depending on stability, latitude, 
etc. Thus (17) and (18) together provide prognostic 
equations for the 1000-mb level, as well as 500-mb. 
These equations can be placed in the same general 
form as (11). In order to simplify the procedure to the 
use of only the 500-mb and thickness charts, Vo in the 
terrain term was approximated by expression Vo 
= a Vs. The scalar multiplier a was allowed to take 
on the values!, -!, or 0, depending on whether the 
850-mb wind was mainly along, opposite, or across 
the 500-mb wind respectively. 
As a preliminary test of the basic equation (17), a 
six-hour prognosis was carried out with a = ! for a 
500-mb chart consisting of contours parallel to the 
latitude circles corresponding to a zonal! wind of 50 
kn. The result, fig. 5, shows the expected troughs 
developing in the lee of the coastal ranges and the 
Rocky Mountains. 
Next, prognoses were prepared with actual weather 
data for four cases, both with and without the terrain 
factor. In some regions the inclusion of the terrain 
factor gave better results than without; however, no 
overall improvement was noted. It is believed that 
the approximation Vo = a Vs was not sufficiently repre-
sentative. Moreover, the appropriate areas for the 
values of a(!, -!, and O) were difficult to delineate. 
No test of (18) was therefore made. Perhaps successful 
results can be achieved in this model by retaining 
Vo in (17) ; however, this would somewhat lengthen 
the time required to complete a prognosis. 
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